Preliminary results
In a group G, consider a map ϕ : G → G of the form , it is easy to see that ϕ is an endomorphism of group. These endomorphisms appear in [7] as a solution to a problem of extension from G ′ to G for certain endomorphisms (also see [1] ). Now consider in an arbitrary group G the map ϕ u,v : x → x[x, u][x, v], with u, v ∈ G and suppose that ϕ u,v is an endomorphism. It is then easy to show that the equality ϕ u,v (xy automorphism. Obviously, every inner automorphism is a generalized inner automorphism, since u −1 xu = x [x, u] . Notice that in a nilpotent group G of class ≤ 2, we may write
. Consequently, in a nilpotent group of class ≤ 2, the notions of inner automorphism and generalized inner automorphism coincide. On the other hand, in the free nilpotent group of class 3 and rank 2 freely generated by a and b, it is easy to see that the map x → x[x, a, a] is a generalized inner automorphism but is not an inner automorphism. As usual, in a group, the left-normed commutator [x 1 , . . . , x n ] is defined inductively by
The next technical result will be useful in the following.
for some function σ : {1, . . . , n} → N \ {0} and elements
Proof. By induction, using the relation [x,
Frequently in this paper we shall make use of well-known commutator identities (see for example [10, 5.1.5] ). In particular, we have the following relations, valid in a metabelian group G, for any x, y, z ∈ G, t ∈ G ′ and λ ∈ Z: Proof. If ϕ and ψ are generalized inner automorphisms respectively defined by
an easy calculus shows that
Thus ψ • ϕ is a generalized inner automorphism by Proposition 1.3. It remains to prove that ϕ −1 is a generalized inner automorphism. For that, it suffices to construct for each integer k ≥ 1 a generalized inner automorphism ψ k such that ψ k • ϕ is of the form
for some function σ : {1, . . . , m} → N \ {0} and elements v i,j ∈ G (1 ≤ i ≤ m, 1 ≤ j ≤ σ(i)), and where each commutator is of weight ≥ 1+2 k−1 (namely, σ(i) ≥ 2 k−1 for i = 1, . . . , m). Indeed, since G is nilpotent, this implies that ψ k •ϕ(x) = x for k large enough, thus ϕ −1 = ψ k is a generalized inner automorphism, as required. We argue by induction on k. The result is clear when k = 1 by taking for ψ 1 the identity map. Now suppose that for some integer k ≥ 1, there exists a generalized
we obtain
and this completes the proof of the proposition.
Main result
We recall that a normal automorphism ϕ of a group G is an automorphism such that ϕ(H) = H for each normal subgroup H of G. These automorphisms form a subgroup of the group of all automorphisms of G. Obviously, this subgroup contains the subgroup of inner automorphisms of G. It happens these subgroups coincide, for instance when G is a nonabelian free group [8] , a nonabelian free soluble group [11] , or a nonabelian free nilpotent group of class 2 [3] . On the other hand, the subgroup of inner automorphisms is of infinite index in the group of normal automorphisms when G is a nonabelian free nilpotent group of class k ≥ 3 [3] . Also note there are exactly two normal automorphisms in a (nontrivial) free abelian group: x → x and x → x −1 . The determination of all normal automorphisms in a free nilpotent group of class k ≥ 3 seems to be an open problem. Note however that for k = 3, Theorem 2.1 below provides such a determination, since the free nilpotent metabelian group of class 3 (and of given rank) coincide with the corresponding free nilpotent group of class 3. One can find in [5] information about the structure of the group of normal automorphisms of a nilpotent group.
Certainly, in a metabelian nilpotent group, each generalized inner automorphism is a normal automorphism, but a normal automorphism need not to be a generalized inner automorphism. However, our main result states that the converse holds in a nonabelian free metabelian nilpotent group.
Theorem 2.1. In a nonabelian free metabelian nilpotent group, the group of normal automorphisms coincides with the group of generalized inner automorphisms.
Before to tackle the proof of this theorem, we give a few consequences. Let ϕ be an automorphism of a group G. According to Schweigert [12] , one says that ϕ is a polynomial automorphism of G if there exist integers ǫ 1 , . . . , ǫ m ∈ Z and elements u 1 , . . . , u m ∈ G such that ϕ(x) = (u
for all x ∈ G. For instance, in a metabelian nilpotent group, any generalized inner automorphism is a polynomial automorphism. It turns out that in a nonabelian free metabelian nilpotent group, these notions coincide.
Corollary 2.1. An automorphism ϕ of a nonabelian free metabelian nilpotent group G is a generalized inner automorphism if and only if it is polynomial.
Proof. Only the part 'if' needs a proof. Therefore, suppose that ϕ : G → G is a polynomial automorphism defined by
is the second term of the lower central series of G, it is not difficult to see that ϕ induces the automorphism ϕ :
. An easy calculation shows that the relation ϕ(xy) = ϕ(x)ϕ(y) is equivalent to the relation (xy) ǫ = x ǫ y ǫ . This implies that ǫ = 1, and so ϕ −1 is polynomial by [2, Theorem 1]. Now it is clear that ϕ is a normal automorphism, hence ϕ is a generalized inner automorphism by Theorem 2.1.
In [4] , it is proved that the group generated by all polynomial automorphisms of a metabelian group is itself metabelian. Therefore, we can state:
. The group of normal automorphisms of a free metabelian nilpotent group is metabelian.
Note that this result is valid even if the relatively free group is abelian, since the group of normal automorphisms is abelian in this case.
Recall that an automorphism of a group G is said to be an IA-automorphism if it induces the identity automorphism on G/G ′ . We shall write IA(G) for the group of IA-automorphisms of G. In a nonabelian free metabelian nilpotent group G of class k, the group of normal automorphisms is a subgroup of IA(G). Since IA(G) stabilizes the lower central series of G, it is nilpotent of class k − 1 (see for instance [13, p. 9] ), and thus so is the group of normal automorphisms. Also this result is a consequence of the fact that in a nilpotent group of class k ≥ 2, the group generated by all polynomial automorphisms is nilpotent of class k − 1 [4] . If d > 1 denotes the rank of the free metabelian nilpotent group G of class k, note that IA(G) is metabelian if d = 2 (by a result of C.K. Gupta [6] ) or if k ≤ 4 (in this case, IA(G) is nilpotent of class ≤ 3). On the other hand, it is worth pointing out that contrary to the group of normal automorphisms, IA(G) is not metabelian if d > 2 and k > 4. Indeed, without loss of generality, we can assume that G is the free metabelian nilpotent group of class 5 and of rank 3, freely generated by a, b, c. In this group, we define three IA-automorphisms f, g, h by
Consequently, [f, g] and [f, h] do not commute, hence IA(G) is not metabelian.
3. Proof of Theorem 2.1.
In all this section, we consider a fixed set S of cardinality ≥ 2 and we denote by M k the free metabelian nilpotent group of class k freely generated by S. In other words,
where F is the free group freely generated by S and γ k+1 (F ) the (k + 1)th term of the lower central series of F . The normal closure in a group G of an element a is written a G .
Lemma 3.1. For any distinct elements a, b ∈ S and any integer t, the subgroup (a Moreover, for any subset {a = a 0 , a 1 , . . . , a r = b} ⊆ S containing a and b, the subgroup 
Thus we have shown that any element of b
, the first part of our lemma is proved when t = 0. Now consider the general case. Actually, since clearly S ′ = {a t b} ∪ S \ {b} is a free basis of M k , we can use the result obtained in the particular case. It follows that (a t b) Finally, consider an element w ∈ (a t b)
. . , a r . we can express w in the form w = w ′ w ′′ , where w ′ (resp. w ′′ ) is a product of elements of the form [a t b, c 1 , . . . , c k−1 ] ±1 with c 1 , . . . , c k−1 ∈ {a 0 , a 1 , . . . , a r } (resp. with c 1 , . . . , c k−1 ∈ S, an element of S\{a 0 , a 1 , . . . , a r } occuring once at least in the sequence c 1 , . . . , c k−1 ). Substituting 1 for all indeterminates in S \ {a 0 , a 1 , . . . , a r }, the equality w = w ′ w ′′ gives w = w ′ . This completes the proof of the lemma. 
When ∆ is not the null-function, we shall denote by m(∆) the least integer j such that ∆(j) = 0. If S is ordered, we may define in M k basic commutators (see for example [9, Chapter 3] . Recall that a basic commutator of weight k 
where the product is taken over all integers i ∈ {0, . . . , r} and all functions ∆ : {0, . . . , r} → N such that ∆(0) + · · · + ∆(r) = k. Then:
(in all these products, i lies in {0, . . . , r} \ {s}).
(ii) We have w = 1 only if all exponents ǫ(i, ∆) with i ∈ {0, . . . , r}\{s} occuring in the expression of w are zero.
Proof. (i) First we write w as a product of two factors:
The first factor can be expressed in the form
Now we deal with the second facteur. We have
Therefore Lemma 3.2(i) is proved if we show the relation
For that, write more explicitly the commutator [a s , a i , ∆] (in the following equalities, we write m instead of m(∆)):
we obtain (1) is now an immediate consequence of (2).
(ii) Choose an order in S such that a 0 < a 1 < · · · < a r . Under this condition, all commutators occuring in the expression of w obtained in the first part of the lemma are basic commutators. Suppose that w = 1. Since basic commutators of the form [a j , a i , . . .] (i, j ∈ {0, . . . , r} \ {s}) occur only in the fourth factor, we have ǫ(i, ∆) = 0 whenever m(∆) < s and m(∆) < i. It follows
But all basic commutators occuring in this equality are distinct. Thus ǫ(i, ∆) = 0 for all integers i = s and all functions ∆, as required. Proof. Let a, b be two distinct elements of S. Then a −1 ϕ(a) and b there is a finite subset {a = a 0 , a 1 , . . . , a r = b} ⊆ S such that
where the two products are taken over all integers i ∈ {0, . . . , r} and all functions ∆ : {0, . . . , r} → N with ∆(0)
. Note that if |S| = 2 (and so r = 1), Lemma 3.3 is easily verified by taking the generalized inner automorphism ψ defined by
Thus we can assume in the following that |S| > 2. For any positive integer t, (a 
Since [a 0 , a i , ∆] is a commutator of weight k + 2 in a nilpotent group of class k + 2, we obtain
Thus the relation ϕ(a t 0 a r ) = ϕ(a 0 ) t ϕ(a r ) implies that
Choose an order in S such that a 0 < a 1 < · · · < a r . Then we can use Lemma 3.2(i) (with s = 0 or s = r) to express each product in (3) as a product of basic commutators (or their inverses). The first product gives
and so
, where this product is taken over all integers i ∈ {1, . . . , r} and all functions ∆ : {0, . . . , r} → N with ∆(0) + · · · + ∆(r) = k.
Likewise we have
In the same way, applying Lemma 3.2(i) with s = r, the second product of (3) gives
. By identifying the exponents of the basic commutator [a i , a 0 , ∆] of each side of relation (4), it is easy to see that 
(we write η for η 1 ) and so
Now consider the generalized inner automorphism ψ defined by
We have
In the same way,
and so ψ(a r ) = ϕ(a r ) by (6) . This completes the proof of Lemma 3.3.
Lemma 3.3 is actually a weak form of the next result.
Proof. We can assume that |S| > 2 (otherwise Lemma 3.4 is a consequence of Lemma 3. (u i ∈ G, λ(i) ∈ Z) ?
